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Abstract
The orbital dynamics of a test particle moving in the non-spherically
symmetric field of a rotating oblate primary is impacted also by certain
indirect, mixed effects arising from the interplay of the different New-
tonian and post-Newtonian accelerations which induce known direct
perturbations. We systematically calculate the indirect gravitoelectro-
magnetic shifts per orbit of the Keplerian orbital elements of the test
particle arising from the crossing among the first even zonal harmonic
J2 of the central body and the post-Newtonian static and stationary
components of its gravitational field. We also work out the Newtonian
shifts per orbit of order J22 , and the direct post-Newtonian gravito-
electric effects of order J2c
−2 arising from the equations of motion. In
the case of both the indirect and direct gravitoelectric J2c
−2 shifts,
our calculation holds for an arbitrary orientation of the symmetry axis
of the central body. We yield numerical estimates of their relative
magnitudes for systems ranging from Earth artificial satellites to stars
orbiting supermassive black holes. As far as their measurability is
concerned, highly elliptical orbital configurations are desirable.
PACS: 04.20.-q; 04.80.-y; 04.80.Cc; 91.10.Sp
Keywords: Classical general relativity; Experimental studies of gravity; Ex-
perimental tests of gravitational theories; Satellite orbits
1 Introduction
Accurate tests of post-Newtonian gravity with either natural and artificial
probes [1–4] in a variety of astronomical and astrophysical scenarios as well
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as the long-term dynamics of hierarchical systems [5] require an ever increas-
ing accuracy in modeling their orbital dynamics. In this respect, first-order
perturbative calculations, yielding some of the most renown direct orbital
consequences of the equations of motion [6] like the Einstein perihelion pre-
cession [7] and the Lense-Thirring effect [8], should be complemented by
second-order calculations. Indeed, they are able to capture also certain sub-
tle consequences of the simultaneous presence of several terms in the equa-
tions of motion. They are indirect, mixed effects arising from the interplay
among such terms which, in some cases, may have magnitudes comparable
to some of the direct effects to the point that it has been recently stressed
that they might be the subject of promising experimental investigations in a
near future [9]. While it is assumed that the orbital elements stay constant
over one orbital revolution in calculating perturbatively the direct effects
to the first order in some disturbing acceleration, accounting also for their
instantaneous variations [5] yields either second-order and mixed effects if
the acceleration is, actually, made of the sum of more than one term.
More specifically, let us consider a test particle moving in the non-
spherically symmetric field of a rotating, oblate primary of mass M , mean
equatorial radius R, quadrupole moment J2 and angular momentum S:
apart from the Newtonian monopole, the acceleration experienced by the
particle (Section 3) consists of the sum of a Newtonian term A(J2) ac-
counting for the primary’s oblateness1 J2 and, to order O
(
c−2
)
, of some
static and stationary post-Newtonian terms A(GE), A(GM), A(J2 GE) yield-
ing, to the first-order in each of them, direct effects like the gravitoelectric
Schwarzschild-type precession of the line of the apsides [7], the gravito-
magnetic Lense-Thirring orbital precessions [8], and some further orbital
precessions proportional to J2c
−2 [10, 11]. Actually, a perturbative calcu-
lation accounting also for the instantaneous shifts of the orbital elements
during an orbital revolution is able to deliver, among other things, also
mixed effects among such accelerations. It should be recalled that, in the
perturbed 2-body Newtonian scenario, the 2nd order short term effects could
be larger than the secular ones [12]. As a result, mixed orbital variations of
order O (J2c−2), which are to be added to those directly arising from the
equations of motion through A(J2 GE) [10, 11], occur. As recognized long
ago, [6, 13], they are of the same order of magnitude of the direct effects
due to A(J2 GE). The gravitoelectric mixed effects were calculated in [5],
1Here and throughout the paper, the other even zonal coefficients Jℓ, ℓ = 4, 6, . . . of
higher degree of the Newtonian multipolar expansion of the gravitational potential of the
central body will be neglected.
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although they were not explicitly displayed. A calculation of them, based
on Lie series and the Delaunay variables, can be found in [13, 14]. More-
over, there are also other mixed effects proportional to J2Sc
−2 due to the
interplay between the Newtonian quadrupolar field and the post-Newtonian
gravitomagnetic one; to the best of our knowledge, they were never calcu-
lated in the literature. Direct orbital effects of order O (J2Sc−2), calculated
on the basis of a suitable multipolar expansion of the gravitomagnetic field
of an axially symmetric source [15], can be found in [16]. For the direct
post-Newtonian effects pertaining the precession of a gyroscope orbiting a
rotating oblate body, see [16–19] As a by-product of such a calculation, also
classical orbital shifts of order O (J22 ) can be obtained.
In this paper, we will analytically work out all the aforementioned effects
(Section 4-Section 5) in a systematic and consistent way, outlined in Section
2, which, in principle, can be applied also to other disturbing accelerations,
irrespectively of their physical origin. As far as both the mixed and the
direct effects proportional to J2c
−2 are concerned, we will calculate them
for an arbitrary orientation of the spin axis of the central body. Our results,
which are valid for generic orbital geometries of the test particle, repre-
sent the limits to which full two-body calculations must reduce in the point
particle limit. They can be used for sensitivity analyses involving differ-
ent scenarios. Then, in Section 6 we will numerically evaluate the relative
strengths of such orbital shifts in various systems ranging from planetary
artificial satellites [20, 21] to the stellar system orbiting the supermassive
black hole (BH) located in Sgr A∗ at the center of the Galaxy [22]. Section
7 summarizes our findings.
Notations
Here, basic notations and definitions used in the text are presented [11,23].
G : Newtonian constant of gravitation
c : speed of light in vacuum
M : mass of the primary
µ = GM : gravitational parameter of the primary
Rs = 2µc−2 : Schwarzschild radius of the primary
R : mean equatorial radius of the primary
J2 : dimensionless quadrupole mass moment of the primary
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S : angular momentum of the primary
Sˆ : unit vector of the spin axis of the primary
r : radius vector of the test particle
rˆ = r/r : unit vector of the radius vector of the test particle
v : velocity vector of the test particle
k = r × v : orbital angular momentum per unit mass of the test particle
kˆ = k/k : unit vector of the orbital angular momentum per unit mass of
the test particle
a : semimajor axis
nb =
√
µa−3 : Keplerian mean motion
Pb = 2pin
−1
b : Keplerian orbital period
e : eccentricity
p = a(1− e2) : semilatus rectum
I : inclination of the orbital plane
Ω : longitude of the ascending node
ω : argument of pericenter
f : true anomaly
u = ω + f : argument of latitude
lˆ : unit vector directed along the line of the nodes toward the ascending
node
mˆ : unit vector directed transversely to the line of the nodes in the orbital
plane
Pˆ : unit vector directed along the line of the apsides toward the pericenter
Qˆ : unit vector directed transversely to the line of the apsides in the orbital
plane
A : disturbing acceleration
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AR = A · rˆ : radial component of A
AT = A ·
(
kˆ× rˆ
)
: transverse component of A
AN = A · kˆ : normal component of A
2 General scheme for calculating the second-order
and mixed orbital shifts
A suitable form of the Gauss equations [12, 24, 25] for the variation of the
Keplerian orbital elements in presence of a perturbing acceleration A is
[26–29]
dp
df
=
2r3γAT
µ
, (1)
de
df
=
r2γ
µ
[
sin fAR +
(
1 +
r
p
)
cos fAT + e
(
r
p
)
AT
]
, (2)
dI
df
=
r3γ cos uAN
µp
, (3)
dΩ
df
=
r3γ sinuAN
µp sin I
, (4)
dω
df
=
r2γ
µe
[
− cos fAR +
(
1 +
r
p
)
sin fAT
]
− cos I dΩ
df
, (5)
dt
df
=
r2γ√
µp
, (6)
with [11,26–30]
γ =
1
1− r2√
µp
(
dω
dt
+ cos I dΩ
dt
) . (7)
The γ factor arises because the true anomaly f is recknoned from the peri-
center position which, in general, is shifted by A through the changes of the
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longitude of the ascending node Ω and the argument of pericenter ω occur-
ring during an orbital revolution [5]. To the first order in the perturbation,
γ can be expressed as
γ ≃ 1 + r
2
√
µp
(
dω
dt
+ cos I
dΩ
dt
)
=
= 1 +
r2
µe
[
− cos fAR +
(
1 +
r
p
)
sin fAT
]
. (8)
To the second order in A, the angular rate of change of a generic Kep-
lerian orbital element ϕi, i = p, e, I,Ω , ω can be expanded as
2
dϕi
df
=
{
dϕi
df
}
0
+
∑
j=p,e,I,Ω ,ω
{
∂(dϕi/df)
∂ϕj
}
0
∆ϕ
(1)
j (f0, f)+
+
{
dϕi
df
r2
µe
[
− cos fAR +
(
1 +
r
p
)
sin fAT
]}
0
+ · · · . (9)
In eq. (9), the curly brackets {· · · }0 denote that the quantity inside has to
be evaluated onto the unperturbed Keplerian ellipse. The second term in
eq. (9) accounts for the fact that, actually, all the orbital parameters slowly
change during an orbital revolution because of A [5]; in a standard first-
order calculation, such variations are usually neglected by assuming that
the Keplerian elements can be considered as fixed to some fiducial values at
an epoch t0. The instantaneous shifts in eq. (9) are calculated as
∆ϕ
(1)
j (f0, f) =
∫ f
f0
dϕj
df ′
df
′
(10)
by using eq. (1)-eq. (5) with γ = 1; the superscript (1) in eq. (10) denotes
that they are accurate to the first order in the perturbing acceleration. By
integrating eq. (9) from f0 to f0 + 2pi allows to obtain the shift per orbit
3
∆ϕ
(2)
i accurate to the second order in A.
If the latter one can be expressed as the sum of two perturbations AA
and AB, the second and the third terms of eq. (9) yield both the quadratic
2An analogous approach is followed in the literature [29,31] for dt/df, dt/du to calculate
the anomalistic and the draconitic perturbed periods to the first order in A.
3Actually, it could be defined as an anomalistic shift. Indeed, the variable of integration
is the true anomaly f , so that it refers to two consecutive passages at the pericenter, which,
in general, does not stay constant in presence of a perturbation.
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changes ∆ϕ
(2)
i for each of the disturbing accelerations and the mixed shifts
∆ϕ
(AB)
i due to both of them.
3 The Newtonian and relativistic post-Keplerian
disturbing accelerations and their first-order or-
bital shifts
In perturbative calculations, the disturbing acceleration A is usually pro-
jected onto three mutually orthogonal directions; the resulting components
are then evaluated onto the unperturbed Keplerian ellipse. Here, we outline
the general features of the procedure which can be applied to any perturba-
tion, independently of its physical origin.
In this Section, we will treat the most important Newtonian and relativis-
tic post-Keplerian accelerations by deriving also the instantaneous variations
of the orbital elements induced by them. Such expressions, which will be
used in Section 4-Section 5 in calculating the mixed and second-order effects,
are also important per se because the characteristic timescales of several as-
tronomical and astrophysical scenarios of potential interest are quite longer
than the observational time spans during which data are usually collected.
Suffice it to say that, e.g., modern astrometric observations do not yet cover
a full orbital revolution of Neptune [32]. About the stellar system orbiting
the supermassive BH in Sgr A∗, observations spanning at least an orbital
period have been collected so far only for two stars [22, 33–35]. Currently
available data for, say, the Magellanic clouds necessarily refer to a tiny frac-
tion of their orbital revolutions about the Galaxy [36–38]; general relativity
has also been proposed to explain the Dark Matter-related issue of the galac-
tic rotation curves [39–41]. Thus, knowing accurately also such short-term
effects is important because, over timescales quite shorter than the orbital
periods of the systems considered, they may look as long-term, semi-secular
signatures, somewhat aliasing the recovery of the genuine secular trends of
interest [42].
The components of the unit vectors lˆ, mˆ, kˆ are [11]
lˆx = cosΩ , (11)
lˆy = sinΩ , (12)
lˆz = 0, (13)
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mˆx = − cos I sinΩ , (14)
mˆy = cos I cosΩ , (15)
mˆz = sin I, (16)
kˆx = sin I sinΩ , (17)
kˆy = − sin I cosΩ , (18)
kˆz = cos I, (19)
so that it is [11]
Pˆ = lˆ cosω + mˆ sinω, (20)
Qˆ = −lˆ sinω + mˆ cosω. (21)
Thus, the position vector can be expressed as [11]
r = r
(
Pˆ cos f + Qˆ sin f
)
, (22)
with
r =
p
1 + e cos f
. (23)
Moreover, the velocity vector is [11]
v =
√
µ
p
[
−Pˆ sin f + Qˆ (cos f + e)
]
. (24)
The radial, transverse and normal components of A can be finally cal-
culated as [11]
AR = A · rˆ, (25)
AT = A ·
(
kˆ× rˆ
)
, (26)
AN = A · kˆ. (27)
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3.1 The post-Newtonian gravitoelectric acceleration
The post-Newtonian gravitoelectric acceleration due to a static massM is [6]
A(GE) = − µ
c2r2
(
v2 − 4µ
r
)
rˆ +
4µ
c2r2
(rˆ · v)v. (28)
Its radial, transverse and normal components are [6]
A
(GE)
R =
µ2 (1 + e cos f)2
(
3 + e2 + 2e cos f − 2e2 cos 2f)
c2p3
, (29)
A
(GE)
T =
4µ2 (1 + e cos f)3 e sin f
c2p3
, (30)
A
(GE)
N = 0. (31)
The instantaneous shifts of the orbital elements, calculated as in eq. (10),
are
∆p(GE) (f, f0) =
8eµ (cos f0 − cos f)
c2
, (32)
∆e(GE) (f, f0) =
µ (cos f0 − cos f)
[
3 + 7e2 + 5e (cos f0 + cos f)
]
c2p
, (33)
∆I(GE) (f, f0) = 0, (34)
∆Ω (GE) (f, f0) = 0, (35)
∆ω(GE) (f, f0) =
µ
c2ep
[
3e (f − f0) +
(
3− e2 + 5e cos f0
)
sin f0−
− (3− e2 + 5e cos f) sin f] . (36)
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Over one orbit, eq. (32)-eq. (36) yield the shifts
∆p(GE) = 0, (37)
∆e(GE) = 0, (38)
∆I(GE) = 0, (39)
∆Ω (GE) = 0, (40)
∆ω(GE) =
6piµ
c2p
. (41)
3.2 The post-Newtonian gravitomagnetic acceleration
The Lense-Thirring acceleration experienced by a test particle orbiting in
the stationary gravitomagnetic field of a rotating primary is [43]
A(GM) =
2GS
c2r3
[
3(Sˆ · r)r × v
r2
+ v × Sˆ
]
. (42)
For a generic orientation of the spin axis Sˆ of the central body, the
methods reviewed in Section 3 applied to eq. (42) yield
A
(GM)
R =
2GS
√
µ (1 + e cos f)4
c2
√
p7
[
Sˆz cos I+
+ sin I
(
Sˆx sinΩ − Sˆy cosΩ
)]
, (43)
A
(GM)
T = −
2eGS
√
µ (1 + e cos f)3 sin f
c2
√
p7
[
Sˆz cos I+
+ sin I
(
Sˆx sinΩ − Sˆy cosΩ
)]
, (44)
A
(GM)
N = −
GS
√
µ (1 + e cos f)3
c2
√
p7
{
−Sˆz sin I [e sinω+
10
+ 4 sinu+ 3e sin (2f + ω)] + cos I [e sinω + 4 sinu+
+ 3e sin (2f + ω)]
(
Sˆx sinΩ − Sˆy cosΩ
)
−
− [e cosω + 4cos u+ 3e cos (2f + ω)]
(
Sˆx cosΩ + Sˆy sinΩ
)}
. (45)
In the particular case Sˆx = Sˆy = 0, Sˆz = 1, eq. (43)-eq. (45) agree with Eq.
(4.2.18a)- Eq. (4.2.18c) in [6].
The instantaneous shifts due to eq. (42), calculated as in eq. (10),
are too cumbersome to be displayed for a generic orientation of Sˆ. For
Sˆx = Sˆy = 0, Sˆz = 1, they are
∆p(GM) (f, f0) =
4GSe cos I (cos f − cos f0)
c2
√
pµ
, (46)
∆e(GM) (f, f0) = −
2GS
(
1− e2) cos I (cos f − cos f0)
c2
√
p3µ
, (47)
∆I(GM) (f, f0) = −GS sin I
c2
√
p3µ
{
2e cos f cos2 u−
− 2e cos f0 cos2 u0 + cos 2u− cos 2u0
}
, (48)
∆Ω (GM) (f, f0) =
GS
c2
√
p3µ
{2f − 2f0 + 2e sin f − 2e sin f0−
− (1 + e cos f) sin 2u+ (1 + e cos f0) sin 2u0} , (49)
∆ω(GM) (f, f0) = −GS cos I
c2e
√
p3µ
{(
2 + 4e2
)
sin f − 2 (1 + 2e2) sin f0+
+ e [6 (f − f0)− (1 + e cos f) sin 2u+
11
+ (1 + e cos f0) sin 2u0]} . (50)
As a consequence, the gravitomagnetic shifts per orbit are
∆p(GM) = 0, (51)
∆e(GM) = 0, (52)
∆I(GM) = 0, (53)
∆Ω (GM) =
4piGS
c2
√
p3µ
, (54)
∆ω(GM) = −12piGS cos I
c2
√
p3µ
. (55)
3.3 The Newtonian quadrupole acceleration
The acceleration due to the first even zonal harmonic coefficient J2 of the
expansion in multipoles of the Newtonian component of the gravitational
potential of the central body is
A(J2) =
3J2µR
2
2r4
[
5rˆ
(
Sˆ · rˆ
)2
− 2Sˆ
(
Sˆ · rˆ
)
− rˆ
]
. (56)
According to Section 3, the radial, transverse and normal components of eq.
(56) for an arbitrary orientation of Sˆ are
A
(J2)
R =
3J2µR
2 (1 + e cos f)4
16p4
{
24Sˆz sin 2I
(
Sˆy cosΩ − Sˆx sinΩ
)
sin2 u+
+ 6cos 2I
[
−3Sˆ2z +
(
2Sˆ2y + Sˆ
2
z − 1
)
cos 2Ω−
− 2SˆxSˆy sin 2Ω + 1
]
sin2 u+ 24Sˆz sin I sin 2u(Sˆx cosΩ + Sˆy sinΩ)+
+ 12 cos I sin 2u
[
2SˆxSˆy cos 2Ω +
(
2Sˆ2y + Sˆ
2
z − 1
)
sin 2Ω
]
−
12
− (1 + 3 cos 2u)
[
3Sˆ2z + 3
(
2Sˆ2y + Sˆ
2
z − 1
)
cos 2Ω−
− 6SˆxSˆy sin 2Ω − 1
]}
, (57)
A
(J2)
T = −
3J2µR
2 (1 + e cos f)4
8p4
{
8Sˆz sin I cos 2u
(
Sˆx cosΩ + Sˆy sinΩ
)
+
+ 4cos I cos 2u
[
2SˆxSˆy cos 2Ω +
(
2Sˆ2y + Sˆ
2
z − 1
)
sin 2Ω
]
+
+ sin 2u
[
sin2 I
(
6Sˆ2z − 2
)
+
(
2Sˆ2y + Sˆ
2
z − 1
)
(3 + cos 2I) cos 2Ω+
+ 4Sˆz sin 2I
(
Sˆy cosΩ − Sˆx sinΩ
)
− 2SˆxSˆy (3 + cos 2I) sin 2Ω
]}
,
(58)
A
(J2)
N = −
3J2µR
2 (1 + e cos f)4
p4
[
Sˆz cos I + sin I
(
Sˆx sinΩ − Sˆy cosΩ
)]
·
·
[
cosu
(
Sˆx cosΩ + Sˆy sinΩ
)
+ sinu
(
Sˆz sin I+
+ cos I
(
Sˆy cosΩ − Sˆx sinΩ
))]
. (59)
By using eq. (10), the instantaneous shifts due to eq. (56) can be obtained:
they turn out to be too cumbersome to be displayed for an arbitrary orien-
tation of Sˆ. For the particular case Sˆx = Sˆy = 0, Sˆz = 1, they are
∆p(J2) (f, f0) =
J2R
2 sin2 I
2p
{e [3 cos (f + 2ω) + cos (3f + 2ω)−
− 3 cos (f0 + 2ω)− cos (3f0 + 2ω)]−
− 6 sin (f − f0) sin (f + f0 + 2ω)} , (60)
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∆e(J2) (f, f0) =
J2R
2
16p2
{
(cos f − cos f0)
(
4
(
5 + 7e2 + 7cos 2f + 7cos 2f0
)
+
+ cos f
(
8
(
7 + 5e2
)
cos f0 + 6e (13 + 6 cos 2f0 + e cos 3f0)
)
+
+ e (3e cos 4f + 78 cos f0 + 6cos 3f (3 + e cos f0)+
+ 20e cos 2f0 + cos 2f (6e cos 2f0 + 20e + 36 cos f0)+
+ 18 cos 3f0 + 3e cos 4f0)) cos 2ω sin
2 I−
−
(
6
(
2 + 5e2
)
cos
(
f + f0
2
)
+
(
28 + 17e2
)
cos
(
3f + 3f0
2
)
+
+ 28
(
cos
(
5f + f0
2
)
+ cos
(
f + 5f0
2
))
+
+ e
(
6
(
10 cos
(
3f + f0
2
)
+ 3cos
(
7f + f0
2
)
+
+ 10 cos
(
f + 3f0
2
)
+ 3
(
cos
(
5f + 3f0
2
)
+
+ cos
(
3f + 5f0
2
)
+ cos
(
f + 7f0
2
)))
+
+ e
(
3 cos
(
5f + 5f0
2
)
+ 17 cos
(
5f + f0
2
)
+ 3cos
(
9f + f0
2
)
+
+ 3cos
(
7f + 3f0
2
)
+ 17 cos
(
f + 5f0
2
)
+
14
+ 3
(
cos
(
3f + 7f0
2
)
+ cos
(
f + 9f0
2
)))))
·
· sin2 I sin 2ω sin
(
f − f0
2
)
+ (cos f − cos f0)
(
2
(
3 + e2
)
+
+ e (6 cos f0 + 2cos f (3 + e cos f0)+
+ e (cos 2f + cos 2f0))) (1 + 3 cos 2I)} , (61)
∆I(J2) (f, f0) =
J2R
2 sin 2I
8p2
{e [3 cos (f + 2ω)− 3 cos (f0 + 2ω)+
+ cos (3f + 2ω)− cos (3f0 + 2ω)]−
− 6 sin (f − f0) sin (f + f0 + 2ω)} , (62)
∆Ω (J2) (f, f0) =
J2R
2 cos I
4p2
{−6f + 6f0 + 3 sin 2u−
− 3 sin 2u0 + e [−6 sin f + 6 sin f0+
+ 3 sin (f + 2ω)− 3 sin (f0 + 2ω)+
+ sin (3f + 2ω)− sin (3f0 + 2ω)]} , (63)
∆ω(J2) (f, f0) =
J2R
2
64ep2
{
120e (f − f0) cos 2I + 6
(
4 + 11e2
)
sin f+
+ 8 ((−3 sin (f + 2ω) + 7 sin (3f + 2ω) + 3 sin (f0 + 2ω)−
− 7 sin (3f0 + 2ω)) sin2 I + 9e (f − f0)+
15
+ 9cos 2I (sin f − sin f0)− 3 sin f0) + e (12 sin 2f+
+ 12
(
6 cos (2 (f + f0 + ω)) sin (2f − 2f0) sin2 I+
+ (6 cos (f + f0) cos 2I+
+ 2 (1− 5 cos 2I) cos (f + f0 + 2ω)) sin (f − f0)− sin 2f0)+
+ e
(
6 (sin (f − 2ω)− sin (f0 − 2ω)) sin2 I + 2 sin 3f−
− 66 sin f0 − 2 sin 3f0 + 51 sin (f + 2I) + 3 sin (3f + 2I)−
− 51 sin (f0 + 2I)− 3 sin (3f0 + 2I) + 51 sin (f − 2I)+
+ 3 sin (3f − 2I)− 51 sin (f0 − 2I)− 3 sin (3f0 − 2I)−
− 6 cos f0 sin (4f0 + 2ω)− 3 (1 + 15 cos 2I) sin (f + 2ω)+
+ (3− 19 cos 2I) sin (3f + 2ω) + 3 (sin (5f + 2ω)+
+ sin (f0 + 2ω)) + cos 2I (−3 sin (5f + 2ω)+
+ 45 sin (f0 + 2ω) + 19 sin (3f0 + 2ω)+
+ 3 sin (5f0 + 2ω))))} . (64)
By evaluating eq. (60)-eq. (64) for f = f0+2pi, one obtains the following
shifts per orbit
∆p(J2) = 0, (65)
∆e(J2) = 0, (66)
∆I(J2) = 0, (67)
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∆Ω (J2) = −3piJ2R
2 cos I
p2
, (68)
∆ω(J2) =
3piJ2R
2 (3 + 5 cos 2I)
4p2
. (69)
4 The mixed effects of order J2c
−2 and J2Sc−2
Here, the strategy outlined in Section 2 is applied to the perturbing ac-
celerations of Section 3 to analytically calculate the mixed effects of order
J2c
−2 and J2Sc−2 induced by both the gravitoelectric and the gravitoma-
gentic post-Newtonian components of the gravitational field of the rotating
primary.
4.1 The gravitoelectric effects
For the particular case Sˆx = Sˆy = 0, Sˆz = 1, a straightforward but tedious
calculation yields
∆p
(J2 GE)
mix = −
6piJ2µR
2 sin2 I
c2p2
[3 sin 2u0+
+ 2e2 sin 2ω + 3e sin (f0 + 2ω) + e sin (3f0 + 2ω)
]
, (70)
∆e
(J2 GE)
mix = −
3piJ2µR
2 sin2 I
8c2p3
[12 sin (f0 + 2ω) + 28 sin (3f0 + 2ω)−
− 3e2 sin (f0 − 2ω) + e
(
20 + 19e2
)
sin 2ω+
+ 60e sin 2u0 + 18e sin (4f0 + 2ω) + 33e
2 sin (f0 + 2ω)+
+ 17e2 sin (3f0 + 2ω) + 3e
2 sin (5f0 + 2ω)
]
, (71)
∆I
(J2 GE)
mix = −
3piJ2µR
2 sin 2I
2c2p3
[3 sin 2u0+
17
+ 2e2 sin 2ω + 3e sin (f0 + 2ω) + e sin (3f0 + 2ω)
]
, (72)
∆Ω
(J2 GE)
mix =
3piJ2µR
2 cos I
c2p3
[
3 cos 2u0 − 5e2+
+ 16e cos f0 + 2e
2 cos 2ω + 3e cos (f0 + 2ω)+
+ e cos (3f0 + 2ω)] , (73)
∆ω
(J2 GE)
mix =
3piJ2µR
2
32c2ep3
{
e
(
2
(
91e2 + 132
)
cos 2I−
− e cos 2ω (68e − 4e+ 48 cos 2I (cos 2f0 + 3) cos3 f0−
− 36 cos f0 − 22 cos 3f0 − 6 cos 5f0)+
+ 2e sin 2ω sin f0 (6 cos 2I (cos 4f0 + 17)+
+ 4 (15 cos 2I − 7) cos 2f0 − 6 cos 4f0 − 38)−
− 320e cos (f0 + 2I) + 24 (3− 7 cos 2I) cos 2u0+
+ 8 sin2 I (9 cos (4f0 + 2ω)− 10 cos 2ω)
)
+
+ 2
(
e
(
57e2 + 44
)
+ 8 sin2 I (7 cos (3f0 + 2ω)−
− 3 cos (f0 + 2ω)))− 320e2 cos (f0 − 2I)− 384e2 cos f0
}
. (74)
No a-priori simplifying assumptions on either e or I were assumed. The
formulas valid for an arbitrary orientation of Sˆ are quite cumbersome: they
are explicitly displayed in Appendix A.
The total gravitoelectric shifts per orbit of order J2c
−2 can be obtained
by adding the indirect, mixed effects of eq. (70)-eq. (74) to the direct varia-
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tions induced by the post-Newtonian acceleration induced by the oblateness
of the central body [5, 6, 10,11]
A(J2 GE) =
3J2µR
2
2c2r4
[
5rˆ
(
Sˆ · rˆ
)2
− 2Sˆ
(
Sˆ · rˆ
)
− rˆ
](
v2 − 4µ
r
)
−
− 6J2µR
2
c2r4
[
5 (rˆ · v)
(
Sˆ · rˆ
)2
− 2
(
Sˆ · v
)(
Sˆ · rˆ
)
− (rˆ · v)
]
v−
− 2J2µ
2R2
c2r5
[
3
(
Sˆ · rˆ
)2
− 1
]
rˆ. (75)
By using eq. (75) into eq. (10), evaluated for Sˆx = Sˆy = 0, Sˆz = 1, one
obtains the direct shifts per orbit
∆p
(J2 GE)
dir =
3piJ2µR
2e2 sin2 I sin 2ω
c2p2
, (76)
∆e
(J2 GE)
dir =
21piJ2µR
2e
(
2 + e2
)
sin2 I sin 2ω
8c2p3
, (77)
∆I
(J2 GE)
dir =
3piJ2µR
2e2 sin 2I sin 2ω
4c2p3
, (78)
∆Ω
(J2 GE)
dir =
3piJ2µR
2 cos I
(
6− e2 cos 2ω)
2c2p3
, (79)
∆ω
(J2 GE)
dir =
3piJ2µR
2
16c2p3
{−32 + 3e2 + 2 (7 + 2e2) cos 2ω+
+ cos 2I
[−48 + 9e2 + 2 (−7 + 2e2) cos 2ω]} . (80)
The general expressions, valid for an arbitrary orientation of Sˆ, are displayed
in Appendix B.
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As a result, the total shifts per orbit turn out to be
∆p
(J2 GE)
tot =
3piJ2µR
2 sin2 I
c2p2
{6 sin 2u0+
+ e [5e sin 2ω + 6 sin (f0 + 2ω) + 2 sin (3f0 + 2ω)]} , (81)
∆e
(J2 GE)
tot = −
3piJ2µR
2 sin2 I
8c2p3
{12 sin (f0 + 2ω) + 28 sin (3f0 + 2ω)+
+ e
[−3e sin (f0 − 2ω) + 6 (1 + 2e2) sin 2ω + 60 sin 2u0+
+ 18 sin (4f0 + 2ω) + 33e sin (f0 + 2ω) + 17e sin (3f0 + 2ω)+
+ 3e sin (5f0 + 2ω)]} , (82)
∆I
(J2 GE)
tot = −
3piJ2µR
2 sin 2I
4c2p3
{6 sin 2u0+
+ e [3e sin 2ω + 6 sin (f0 + 2ω) + 2 sin (3f0 + 2ω)]} , (83)
∆Ω
(J2 GE)
tot =
3piJ2µR
2 cos I
2c2p3
{
6− 10e2 + 6cos 2u0+
+ e [32 cos f0 + 3e cos 2ω + 6cos (f0 + 2ω)+
+ 2 cos (3f0 + 2ω)]} , (84)
∆ω
(J2 GE)
tot =
3piJ2µR
2
32c2p3
{
4
[
6 + 30e2 + 42 cos 2I+
+ 7cos 2ω + 18 cos 2u0] +
20
+
1
e
(
4e2 sin f0
(−6 sin2 I cos 4f0 + 51 cos 2I+
+ 2 (15 cos 2I − 7) cos 2f0 − 19) sin 2ω−
− 2e (24e (3 + cos 2f0) cos 2I cos 2ω cos3 f0+
+ 2e (96 + 160 cos 2I − 9 cos 2ω) cos f0−
− e (6e+ 11 cos 3f0 + 3cos 5f0) cos 2ω+
+ 2cos 2I
(−50e2 + (15e2 + 7) cos 2ω + 42 cos 2u0))+
+ 8 sin2 I (−10e cos 2ω + 9e cos (4f0 + 2ω)−
− 6 cos (f0 + 2ω) + 14 cos (3f0 + 2ω)))} . (85)
Our results can be compared with those released in4 [5] for p, e, I in the case
Sˆx = Sˆy = 0, Sˆz = 1. It turns out that eq. (81) and eq. (83) agree with
Eq. (2.12a) and Eq. (2.12c) of [5], respectively, and eq. (82) agrees with
the corrected form of Eq. (2.12b) in [44]. No results for Ω , ω were released
in [5].
From eq. (81)-eq. (83) it turns out that the variations of p, e, I are not
secular trends because of the occurrence of the slowly varying ω as argu-
ment of the trigonometrical functions entering them. Indeed, to first order,
the argument of pericenter undergoes secular precession whose dominant
contribution is due to either the primary’s quadrupole (eq. (69)) or the
post-Newtonian Schwarzschild-like gravitoelectric field (eq. (41)), depend-
ing on the specific astronomical system considered. As such, the shifts of
p, e, I average out over one full cycle of ω. When the Newtonian multipo-
lar precessions are dominant with respect to the post-Newtonian ones, it is
possible to have semi-secular trends for p, e, I by adopting some critical incli-
nation scenarios [45,46] yielding the so called frozen-perigee configuration in
which the classical pericenter precession vanishes. See the scenario proposed
4The quadrupole mass moment Q2 in [5] has dimensions [Q2] =M L
2: for a direct
comparisons with our results, the replacement Q2 → −J2MR
2 in Eq. (2.12a)-Eq.(2.12c)
of [5] must be made.
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in Section 6.2. This is not the case for Ω and ω itself which, according to
eq. (84)-eq. (85), experience secular trends because of terms not containing
explicitly ω. The same hold for the gravitomagnetic mixed effects calculated
in Section 4.2.
4.2 The gravitomagnetic effects
The inclusion of eq. (42) and eq. (56) in the disturbing acceleration entering
eq. (9) yields novel post-Newtonian mixed effects proportional to J2Sc
−2.
The resulting shifts per orbit for Sˆx = Sˆy = 0, Sˆz = 1 are
∆p
(J2 GM)
mix =
3piGSJ2R
2 cos I sin2 I
c2
√
p5µ
{12 sin 2u0+
+ e (4 (3 sin (f0 + 2ω) + sin (3f0 + 2ω))− e sin 2ω)} , (86)
∆e
(J2 GM)
mix =
3piGSJ2R
2 cos I sin2 I
4c2
√
p7µ
{12 sin (f0 + 2ω)+
+ 28 sin (3f0 + 2ω) + e
[−2 (e2 − 10) sin 2ω + 60 sin 2u0+
+ 33e sin (f0 + 2ω) + 17e sin (3f0 + 2ω) + 18 sin (4f0 + 2ω)+
+ 3e sin (5f0 + 2ω)− 3e sin (f0 − 2ω)]} , (87)
∆I
(J2 GM)
mix =
3piGSJ2R
2 sin I
4c2
√
p7µ
{2 (2 cos f0 (9 + 11 cos 2I) + e (13 cos 2I+
+ cos 2f0 (7 + 9 cos 2I) + 11)) cos 2ω sin f0+
+ (2 cos 2f0 (9 + 11 cos 2I) + e cos f0 (15 + 17 cos 2I)+
+ e
(
cos 3f0 (7 + 9 cos 2I)− 2e cos2 I
))
sin 2ω
}
, (88)
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∆Ω
(J2 GM)
mix =
3piGSJ2R
2
8c2
√
p7µ
{
2
(
2 + e2 − 2e cos f0
)
(7 + 9 cos 2I)+
+
[
e2 − 8e (2 cos f0 + cos 3f0)−
− 20 cos 2f0] (1 + 3 cos 2I) cos 2ω+
+ 8 [5 cos f0 + e (3 + 2 cos 2f0)] (1 + 3 cos 2I) sin f0 sin 2ω} ,
(89)
∆ω
(J2 GM)
mix = −
3piGSJ2R
2 cos I
16c2e
√
p7µ
{−56e2 cos f0 − 100e2 cos (f0 − 2I)+
+ e
(
8 (9 cos (4f0 + 2ω)− 10 cos 2ω) sin2 I+
+ 4
(
64 + 21e2
)
cos 2I − e cos (f0 + 2I) + 8 (17− 37 cos 2I) cos 2u0−
− 2e cos 2ω (−6 sin2 I cos 5f0 + 3e−
− 46 cos f0 − 23 cos 3f0 − 7e cos 2I+
+ 55 (2 cos f0 + cos 3f0) cos 2I) + 2e (−6 (13 + cos 4f0)+
+ 6 (29 + cos 4f0) cos 2I+
+ 4cos 2f0 (29 cos 2I − 13)) sin f0 sin 2ω)+
+ 4
(
4 (7 cos (3f0 + 2ω)− 3 cos (f0 + 2ω)) sin2 I+
+ e
(
40 + 11e2
))}
. (90)
We do not shown the full expressions for a general Sˆ: they are far too
cumbersome.
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5 The Newtonian effects of order J22
The general formalism of Section 2 allows us to work out also the Newto-
nian shifts per orbit quadratic in the oblateness of the primary. In certain
scenarios of interest, they can become competitors not only of the mixed
variations previously worked out but also of some of the most renown direct
orbital effects.
In the special case Sˆx = Sˆy = 0, Sˆz = 1, they turn out to be
∆p(J
2
2) =
3piJ22R
4 sin2 I
16p3
{[−16e (3 + 5 cos 2I) cos3 f0−
− 12 cos 2f0 (3 + 5 cos 2I) + e2 (13 + 15 cos 2I)
]
sin 2ω−
− 8 [3 cos f0 + e (2 + cos 2f0)] (3 + 5 cos 2I) cos 2ω sin f0} , (91)
∆e(J
2
2) =
3piJ22R
4 sin2 I
128p4
{−4 [3e2 cos 4f0 + 25e2 + 78e cos f0+
+ 18e cos 3f0 + 4
(
7 + 5e2
)
cos 2f0+
+ 20] (3 + 5 cos 2I) cos 2ω sin f0−
− 2 (−26e3 + 9e2 cos 5f0 + 54e cos 4f0+
+ 60e cos 2f0 (3 + 5 cos 2I)+
+ 80e+ 3
(
28 + 17e2
)
cos 3f0 + 5
((
28 + 17e2
)
cos 3f0+
+ 3e
(−2e2 + e cos 5f0 + 6cos 4f0 + 8)) cos 2I+
+ 12
(
1 + 3e2
)
cos f0 (3 + 5 cos 2I)
)
sin 2ω
}
, (92)
∆I(J
2
2) =
3piJ22R
4 sin 2I
64p4
{[−16e (3 + 5 cos 2I) cos3 f0−
24
− 12 (3 + 5 cos 2I) cos 2f0 + e2 (13 + 15 cos 2I)
]
sin 2ω−
− 8 [3 cos f0 + e (2 + cos 2f0)] (3 + 5 cos 2I) cos 2ω sin f0} , (93)
∆Ω(J
2
2) = −3piJ
2
2R
4 cos I
32p4
{−2e2 cos 2ω + 13e2+
+ 8e [3 cos (f0 + 2ω) + cos (3f0 + 2ω)] + 24 cos 2u0−
− 5 cos 2I (−6e2 cos 2ω + e2 + 8e (3 cos (f0 + 2ω)+
+ cos (3f0 + 2ω)) + 24 cos 2u0 − 8) + 32} , (94)
∆ω(J
2
2) =
3piJ22R
4
512ep4
{
13e
(
82 + 13e2
)−
− 24 cos (f0 + 2ω) + 56 cos (3f0 + 2ω)+
+ 5 cos 4I
(−9e3 + 6e2 cos (f0 − 2ω) + 6e (8 + 9e2) cos 2ω−
− 2e (132 cos 2u0 + 117e cos (f0 + 2ω)+
+ 43e cos (3f0 + 2ω) + 18 cos (4f0 + 2ω))+
+ 86e+ 24 cos (f0 + 2ω)− 56 cos (3f0 + 2ω))+
+ 4 cos 2I
(
81e3 + 2e
(
15e sin2 I cos (5f0 + 2ω)+
+
(
23e2 − 20) cos 2ω − 12 cos 2u0 − 27e cos (f0 + 2ω)−
− 5e cos (3f0 + 2ω) + 18 cos (4f0 + 2ω)− 3e cos (f0 − 2ω))+
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+ 394e − 24 cos (f0 + 2ω) + 56 cos (3f0 + 2ω))−
− 2e (40 cos 2ω + 60 cos 2u0 − 18 cos (4f0 + 2ω)+
+ 3e
(−12 sin2 I cos (5f0 + 2ω) + e cos 2ω + 25 cos (f0 + 2ω)+
7 cos (3f0 + 2ω) + cos (f0 − 2ω)))} . (95)
The formulas for an arbitrary spatial orientation of Sˆ are too cumbersome
to be explicitly displayed.
Also in this case, p, e, I experience long-period harmonic variations be-
cause of the trigonometric functions in eq. (91)-eq. (93) having ω as ar-
gument. Instead, Ω and ω undergo secular variations since in eq. (94)-eq.
(95) there are terms not containing explicitly ω.
6 Phenomenological aspects of the mixed orbital
effects
In this Section, we numerically evaluate the relative strengths of the the
direct and indirect shifts calculated in Section 3-Section 5 in some astro-
nomical and astrophysical scenarios of interest.
6.1 Compact objects
Let us start from a test particle orbiting a central compact object like, say,
a BH [22, 33, 34] or a neutron star [47–50]. The BH’s angular momentum
is [51]
S = χg
M2G
c
, (96)
with [51]
χg ≤ 1. (97)
Recent measurements of the spin parameter of several BHs with a variety
of techniques [52–58] not implying the use of particle’s orbital dynamics
confirm the bound of eq. (97). The existence of a maximum value for the
angular momentum of a rotating BH is due to the fact that the Kerr metric
is endowed with horizons [59,60]. A value of the spin parameter larger than
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unity would imply the existence of a naked singularity [51]; closed time-
like curves could be considered, implying a causality violation [61]. The
formation of naked singularities in gravitational collapse is prohibited by
the cosmic censorship conjecture [62], although it has not yet been demon-
strated. For other rotating astrophysical objects there is no such a limit as
of eq. (97). In particular, for main–sequence stars, χg can be much larger
than unity being strongly dependent on the stellar mass [63–66]. As far as
compact stars are concerned, in [67] it was shown that for neutron stars
with M & 1 M⊙ it should be χg . 0.7, independently of the Equation Of
State (EOS) governing the stellar matter. Even lower values are usually
admitted [68]. The angular momentum of hypothetical quark stars strongly
depends on the EOS and the stellar mass itself in such a way that they may
have χg > 1 [67].
As far as a BH quadrupole mass moment is concerned, as a consequence
of the “no-hair” or uniqueness theorems [69,70], all the multipole moments
of the external spacetime are functions of M and S [71, 72]. In particular,
the quadrupole moment of the BH is
Q2 = − S
2
c2M
. (98)
In the case of spinning neutron stars, they acquire a nonzero quadrupole
moment [73–76]
Q2 = −qM
3G2
c4
, (99)
where q ranges from 1 to 11 for a variety of EOSs.
By suitably expressing the semilatus rectum as
p = nRs (1 + e) , n≫ 3, (100)
where the minimum distance of an orbiting star from the BH was written
as a multiple of the BH’s Schwarzschild radius, from eq. (96) and eq. (98)
it is possible to obtain∣∣∣∣∣∆p
(J2 GE)
∆p(J2 GM)
∣∣∣∣∣ = sec Iχg
√
n
2
+O (e) , (101)
∣∣∣∣∣∆p
(J2 GE)
∆p(J
2
2 )
∣∣∣∣∣ = 16nχ2g (3 + 5 cos 2I) +O (e) , (102)
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∣∣∣∣∣∆p
(J2 GM)
∆p(J
2
2 )
∣∣∣∣∣ = 16 cos I
√
2n
χg (3 + 5 cos 2I)
+O (e) , (103)
∣∣∣∣∣∆e
(J2 GE)
∆e(J2 GM)
∣∣∣∣∣ = sec Iχg
√
n
2
+O (e) , (104)
∣∣∣∣∣∆e
(J2 GE)
∆e(J
2
2 )
∣∣∣∣∣ = 16nχ2g (3 + 5 cos 2I) +O (e) , (105)
∣∣∣∣∣∆e
(J2 GM)
∆e(J
2
2 )
∣∣∣∣∣ = 16 cos I
√
2n
χg (3 + 5 cos 2I)
+O (e) , (106)
∣∣∣∣∣∆I
(J2 GE)
∆I(J2 GM)
∣∣∣∣∣ = 6cos I
√
2n
χg (9 + 11 cos 2I)
+O (e) , (107)
∣∣∣∣∣∆I
(J2 GE)
∆I(J
2
2 )
∣∣∣∣∣ = 16nχ2g (3 + 5 cos 2I) +O (e) , (108)
∣∣∣∣∣∆I
(J2 GM)
∆I(J
2
2 )
∣∣∣∣∣ = 4 sec I (9 + 11 cos 2I)
√
2n
3χg (3 + 5 cos 2I)
+O (e) . (109)
It must be recalled that p, e, I do not5 experience first-order, direct shifts per
orbit, apart from those due to eq. (75) which were included in the overall
gravitoelectric J2c
−2 effects. From eq. (101)-eq. (109) it can be noticed
that the following hierarchy exists: J22 < (J2 GM) < (J2 GE). For close
orbits, the discrepancy among the gravitomagnetic and the gravitoelectric
inclination shifts tend to reduce, as shown by eq. (107).
In the case of the node Ω , also the direct Newtonian (eq. (68)) and post-
Newtonian gravitomagnetic (eq. (54)) shifts are to be taken into account.
Thus, one has∣∣∣∣∣∆Ω
(GM)
∆Ω (J2)
∣∣∣∣∣ = 4 sec I
√
2n
3χg
+O (e) , (110)
5Actually, this is not true for an arbitrary orientation of the primary’s spin axis [77].
28
∣∣∣∣∣ ∆Ω
(GM)
∆Ω (J2 GE)
∣∣∣∣∣ = 4 sec I sec
2 (f0 + ω)
√
2n3
9χg
+O (e) , (111)
∣∣∣∣∣ ∆Ω
(GM)
∆Ω (J2 GM)
∣∣∣∣∣ = 32n
2
3χ2g [7 + 9 cos 2I − 5 (1 + 3 cos 2I) cos 2u0]
+O (e) , (112)
∣∣∣∣∣∆Ω
(GM)
∆Ω (J
2
2 )
∣∣∣∣∣ = 64 sec I
√
2n5
3χ3g [−4− 5 cos 2I + 3 (−1 + 5 cos 2I) cos 2u0]
+O (e) , (113)
∣∣∣∣∣ ∆Ω
(J2)
∆Ω (J2 GE)
∣∣∣∣∣ = sec
2 (f0 + ω) n
3
+O (e) , (114)
∣∣∣∣∣ ∆Ω
(J2)
∆Ω (J2 GM)
∣∣∣∣∣ = 4cos I
√
2n3
χg [7 + 9 cos 2I − 5 (1 + 3 cos 2I) cos 2u0] +O (e) , (115)
∣∣∣∣∣∆Ω
(J2)
∆Ω (J
2
2 )
∣∣∣∣∣ = 16n
2
χ2g [−4− 5 cos 2I + 3 (−1 + 5 cos 2I) cos 2u0]
+O (e) , (116)
∣∣∣∣∣∆Ω
(J2 GE)
∆Ω (J2 GM)
∣∣∣∣∣ = 12 cos I cos
2 (f0 + ω)
√
2n
χg [7 + 9 cos 2I − 5 (1 + 3 cos 2I) cos 2u0]
+O (e) , (117)
29
∣∣∣∣∣∆Ω
(J2 GE)
∆Ω (J
2
2 )
∣∣∣∣∣ = 48 cos
2 (f0 + ω) n
χ2g [−4− 5 cos 2I + 3 (−1 + 5 cos 2I) cos 2u0]
+O (e) , (118)
∣∣∣∣∣∆Ω
(J2 GM)
∆Ω (J
2
2 )
∣∣∣∣∣ = 2 sec I [7 + 9 cos 2I − 5 (1 + 3 cos 2I) cos 2u0]
√
2n
χg [−4− 5 cos 2I + 3 (−1 + 5 cos 2I) cos 2u0]
+O (e) . (119)
In the case of the pericenter, in addition to the same direct effects as for the
node, there is also the direct, gravitoelectric shift of eq. (41) to be taken
into account. As a result, one has∣∣∣∣∣∆ω
(GE)
∆ω(J2)
∣∣∣∣∣ = 8nχ2g (−4 + 5 sin2 I) +O (e) , (120)
∣∣∣∣∣∆ω
(GE)
∆ω(GM)
∣∣∣∣∣ = sec Iχg
√
n
2
+O (e) , (121)
∣∣∣∣∣ ∆ω
(GE)
∆ω(J2 GE)
∣∣∣∣∣ = 16en
2 csc2 I
χ2g [7 cos (3f0 + 2ω)− 3 cos (f0 + 2ω)]
+O (e2) , (122)
∣∣∣∣∣ ∆ω
(GE)
∆ω(J2 GM)
∣∣∣∣∣ = 8e csc
2 I sec I
√
2n5
χ3g [7 cos (3f0 + 2ω)− 3 cos (f0 + 2ω)]
+O (e2) , (123)
∣∣∣∣∣∆ω
(GE)
∆ω(J
2
2 )
∣∣∣∣∣ = 256en
3 csc2 I
χ4g (3 + 5 cos 2I) [7 cos (3f0 + 2ω)− 3 cos (f0 + 2ω)]
+
+O (e2) , (124)
∣∣∣∣∣∆ω
(GM)
∆ω(J2)
∣∣∣∣∣ = 16 cos I
√
2n
χg (3 + 5 cos 2I)
+O (e) , (125)
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∣∣∣∣∣ ∆ω
(GM)
∆ω(J2 GE)
∣∣∣∣∣ = 16e cot I csc I
√
2n3
χg [−3 cos (f0 + 2ω) + 7 cos (3f0 + 2ω)] +O
(
e2
)
, (126)
∣∣∣∣∣ ∆ω
(GM)
∆ω(J2 GM)
∣∣∣∣∣ = 16en
2 csc2 I
χ2g [−3 cos (f0 + 2ω) + 7 cos (3f0 + 2ω)]
+O (e2) , (127)
∣∣∣∣∣∆ω
(GM)
∆ω(J
2
2 )
∣∣∣∣∣ = 256e cot I csc I
√
2n5
χ3g (3 + 5 cos 2I) [3 cos (f0 + 2ω)− 7 cos (3f0 + 2ω)]
+O (e2) ,
(128)
∣∣∣∣∣ ∆ω
(J2)
∆ω(J2 GE)
∣∣∣∣∣ = 2e
(−5 + 4 csc2 I) n
−7 cos (3f0 + 2ω) + 3 cos (f0 + 2ω) +O
(
e2
)
, (129)
∣∣∣∣∣ ∆ω
(J2)
∆ω(J2 GM)
∣∣∣∣∣ = e (3 + 5 cos 2I) csc
2 I sec I
√
n3
χg
√
2 [−7 cos (3f0 + 2ω) + 3 cos (f0 + 2ω)]
+O (e2) ,
(130)
∣∣∣∣∣∆ω
(J2)
∆ω(J
2
2 )
∣∣∣∣∣ = 16en
2 csc2 I
χ2g [−7 cos (3f0 + 2ω) + 3 cos (f0 + 2ω)]
+O (e2) , (131)
∣∣∣∣∣∆ω
(J2 GE)
∆ω(J2 GM)
∣∣∣∣∣ = sec Iχg
√
n
2
+O (e) , (132)
∣∣∣∣∣∆ω
(J2 GE)
∆ω(J
2
2 )
∣∣∣∣∣ = 16nχ2g (3 + 5 cos 2I) +O (e) , (133)
∣∣∣∣∣∆ω
(J2 GM)
∆ω(J
2
2 )
∣∣∣∣∣ = 16 cos I
√
2n
χg (3 + 5 cos 2I)
+O (e) . (134)
It must remarked that the previous expressions hold in coordinate sys-
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Table 1: Maximum nominal values for the direct and mixed shifts per orbit
of the Jupiter-Juno system as functions of f0, ω. The relevant physical
parameters for the giant planet are µ = 1.267 × 1017 m3 s−2, R = 71, 492
km, S = 6.9 × 1038 kg m2 s−1, J2 = 0.014, while for Juno we adopted
a = 20.03 R, Pb = 11 d, e = 0.947, I = 90.05 deg. The figures quoted hold
in a planetary equatorial coordinate system.
p (m) e (mas) I (mas) Ω (mas) ω (mas)
GE − − − − 37.095
GM − − − 2.07 0.005
J2 − − − 5, 835.93 3× 106
J2c
−2 0.74 1.4 0.0004 0.0012 1.37
J2Sc
−2 0.000087 0.0002 0.010 0.058 0.00027
J22 54, 088.8 130, 360 32.94 191.517 144, 885
tem whose reference {x, y} plane coincides with the equatorial plane of the
central body. In general, this is not true for BHs because the current uncer-
tainties in the spatial orientation of their spin axes [78–80]. In hypothetical
binary systems made of a BH orbited by a radiopulsar (PSR-BH) [81], use-
ful information on the magnitude and orientation of the BH’s spin can be
derived, in principle, from the binary’s orbital precession [82] . As such,
an accurate sensitivity analysis or error budget for some realistic scenarios
require to use the fully general expressions, not displayed here because of
their cumbersomeness. In the case of the Solar System, the equatorial plane
of the Sun does not coincide with, say, the ecliptic plane; for a transition
from one to another see, e.g., [12, 42].
6.2 Planet-spacecraft scenarios
In this Section, we will consider some spacecraft-based scenarios in which
the primary is a planet of our Solar system.
In Table 1, we look at Jupiter and the Juno mission [20], which seems
promising for testing some aspects of post-Newtonian gravity [9,83–85]. We
numerically maximized the various shifts per orbit viewed as functions of
f0, ω. It can be noticed that the nominal values of the Newtonian shifts
of order O (J22 ) are far not negligible: they must be carefully accounted
for in accurate error budgets when their mismodeling has to be evaluated.
The mixed post-Newtonian effects proportional to J2Sc
−2 are quite small,
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Table 2: Maximum nominal values for the direct and mixed shifts per orbit
of the Earth-LARES system as functions of f0, ω. The relevant physical
parameters for our planet are µ = 3.986 × 1014 m3 s−2, R = 6, 378 km,
S = 5.86 × 1033 kg m2 s−1, J2 = 0.00108, while for LARES we adopted
a = 7, 826 km, Pb = 1.91 hr, e = 0.000825, I = 69.49 deg. The figures
quoted hold in an Earth equatorial coordinate system.
p (m) e (mas) I (mas) Ω (mas) ω (mas)
GE − − − − 2.2
GM − − − 0.025 0.03
J2 − − − 489, 608 270, 067
J2c
−2 0.0001 0.0034 0.0008 0.001 4.2
J2Sc
−2 2× 10−6 0.00004 4× 10−6 0.00004 0.05
J22 19.4 425.056 95.63 1, 281.47 516, 067
being at the level of about 90 µm per orbit as far as the semilatus rectum
is concerned; the angular orbital elements are shifted by far less than one
milliarcsecond (mas). The impact of the shifts of order O (J2c−2) is at the
level of about 70 cm per orbit (p), and of about 1 mas or less for the other
elements.
Table 2 shows the results for the recently launched terrestrial geodetic
satellite LARES [21, 86]. The post-Newtonian quadrupolar shifts of p are
at the 1 − 100 µm level per orbit, while the angular shifts are below the
mas level per orbit. Also in this case, the nominal shifts of the effects of
order O (J22 ) are not negligible, although the Earth’s oblateness is currently
known with a high level of accuracy.
For the sake of simplicity, let us consider a hypothetical satellite with
I = arcsin 2/
√
5, corresponding to either I = 63.43 deg or I = 116.56 deg;
from eq. (69), it turns out that the Newtonian secular precession of the
perigee due to J2 vanishes. Importantly, the same holds also for the long-
term Newtonian variations of the eccentricity [87] and the inclination [87]
driven by J3. From, say, eq. (81), the vanishing of ∆ω
(J2) implies that
the signature of p essentially looks like an almost6 secular trend over an
observational time span of just a few years. According to eq. (91), the same
is generally true also for the Newtonian shift quadratic in J2. It turns out
that it is possible to suitably select the initial conditions for f0, ω0 in order
6The much smaller Schwarzschild-type gravitoelectric perigee variation ∆ω(GE) of eq.
(41) does not vanish because it is independent of I .
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to make the nominal Newtonian signature of eq. (91) much smaller than the
post-Newtonian one of eq. (81). By using the values of, say, LARES for a, e,
one obtains that p experiences a post-Newtonian gravitoelectric semi-secular
shift as large as
p˙(J2 GE) = 51 cm yr−1 (f0 = 1.24 × 10−10 deg, ω0 = 205.258 deg), (135)
while the competing Newtonian signal of order O (J22 ) essentially vanishes.
The result of eq. (135), whose magnitude could be increased by allowing for
a more eccentric orbit, is quite large for the present-day possibilities; indeed,
recent data analysis of just one year of LARES observations, processed with
up-to-date models of non-gravitational perturbations, exhibited an ability
to detect secular trends in p ≃ a down to a 14 cm yr−1 accuracy level [88].
The same reasonings applied to eq. (82)-eq. (83) and to eq. (92)-eq. (93)
yield shifts for e and I of the order of
e˙(J2 GE) = −11.2 mas yr−1 (f0 = 1.23 × 10−10 deg, ω0 = 205.078 deg),
(136)
I˙(J2 GE) = −3.3 mas yr−1 (f0 = 8.60× 10−8 deg, ω0 = 205.069 deg),
(137)
respectively.
As far as the primary is concerned, no substantial competing secular per-
turbations of gravitational origin would affect e and I because, as already re-
marked, the critical inclination allows to cancel also the long-term harmonic
shifts due to J3. In principle, gravitational perturbations on e, I,Ω , ω arise
due to the action of a third body X like, e.g., the Moon and the Sun [89].
Their nominal magnitude is proportional to P−2X Pb = µXa
−3
X Pb. For, say,
X = Moon and a LARES-type orbit, they are of the order of 103 mas yr−1.
However, since they are fully modelled, only their uncertainty, determined
by the accuracy on µX, does matter. In the case of the Moon and the Sun,
the relative accuracies in their gravitational parameters µ are several orders
of magnitude better than7 10−3, so that their disturbances would be negli-
gible. By assuming the same physical properties of LARES, the impact of
the main non-gravitational perturbations [91] able to induce secular rates
on e and I would be negligible. Indeed, according to [92], the nominal rates
due to the atmospheric drag and the Rubincam effect would be as little as
about 0.5 mas yr−1. From Eq. (6.8) of [91], under the same assumptions as
7They amount to [90] 10−11 for the Sun and 10−10 for the Moon, respectively.
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in [92], a secular decrease of the eccentricity due to the atmospheric drag as
little as 0.01 mas yr−1 can be inferred.
Regarding the aforementioned Earth-satellite scenarios: in principle, a
potential source of systematic bias may be represented by the orbital per-
turbations induced by the equinoctial precession [93]. However, it must be
recalled that laser data reductions are usually performed in a coordinate sys-
tem whose reference {x, y} plane is aligned with the mean Earth’s equator
at the reference epoch J2000.0.
7 Summary and conclusions
A first-order perturbative approach to particle dynamics in the post-Newtonian
field of a rotating oblate primary is not adequate to capture the full richness
of the actual orbital motion due to the simultaneous contributions of several
disturbing classical and relativistic accelerations (J2, Schwarzschild, Lense-
Thirring, etc.). Indeed, the very same fact that more than one enter the
equations of motion induces certain indirect, mixed orbital perturbations
due to a mutual cross interaction in addition to second-order effects for each
of them.
A consistent formalism able to reproduce such additional features of mo-
tion, which are not directly due to some new accelerations occurring in the
equations of motion, is a second-order perturbative approach which we con-
sistently outlined and applied to some known post-Keplerian accelerations
of both Newtonian and post-Newtonian origin.
In particular, we considered the Newtonian acceleration induced by the
oblateness J2 of the central body, and the post-Newtonian gravitoelectro-
magnetic accelerations of order O (c−2) which, to first order, yield the well
known Einstein and Lense-Thirring orbital precessions. We analytically cal-
culated the indirect shifts per orbit of all the standard Keplerian orbital ele-
ments proportional to J2c
−2 and J2Sc−2. Our general approach is valid for
an arbitrary orientation of the primary’s spin axis Sˆ. We also considered the
Newtonian second-order effects in J2. As far as the indirect gravitoelectric
effects of order O (J2c−2) are concerned, they were added to the direct ones
caused by the specific post-Newtonian acceleration proportional to J2c
−2
entering the equations of motion.
It turned out that the semilatus rectum p, the eccentricity e and the
inclination I experience non-vanishing indirect shifts which are harmonic
in the argument of pericenter ω entering their expressions as argument of
trigonometric functions. The pericenter does not generally stay constant
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because of the direct perturbations of order O (J2) and O
(
c−2
)
that make
it precess slowly. Instead, the node Ω and the pericenter itself undergo also
indirect secular precessions because of some terms not containing explicitly
ω. Our formulas, which are valid for a generic orbital geometry of the test
particle, represent the limit to which full two-body formulas will have to
reduce in the point particle limit.
Such indirect, mixed effects may play a role in realistic error budgets of
accurate tests of post-Newtonian gravity and in the long-term evolutionary
history of various astrophysical systems of interest. In principle, it is possible
to design a dedicated satellite-based mission aimed to detect the effects of
order O (J2c−2) by looking at p, e, I. Indeed, in the Earth scenario, the dom-
inant perigee precession is due to the Newtonian multipoles of the expansion
of the terrestrial gravitational potential. Thus, a suitable orbital configura-
tion, based on the concepts of critical inclination and frozen-perigee, may
be adopted to suppress the largest part of the perigee precession as well as
the long-term harmonic variations of the eccentricity and the inclination.
In such a way, the shifts of order O (J2c−2) in p, e, I would look like al-
most secular trends over typical observational time spans some years long
because of the very slow Schwarzschild-like gravitoelectric perigee advance.
As an example, a hypothetical terrestrial satellite orbiting at an altitude of
h = 1 450 km in an almost circular orbit inclined to the Earth’s equator by
an amount equal to the critical inclination able to suppress the Newtonian
secular perigee precession due to J2 as well as the long-term harmonic vari-
ations of the eccentricity and the inclination due to J3, would experience
an almost secular rate in p as large as 51 cm yr−1. Recent data analysis of
the existing geodetic satellite LARES showed an accuracy in determining
secular trends in the semimajor axis a ≃ p of the order of 14 cm yr−1 over
just one year. The eccentricity and the inclination would change at a rate
of the order of −11 mas yr−1 and −3 mas yr−1, respectively. The nominal
magnitude of the competing rates due to the atmospheric drag are much
smaller.
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Appendix
A Mixed orbital shifts of order J2c
−2 for a generic
orientation of the spin axis of the primary
Here, the general expressions for the post-Newtonian gravitoelctric mixed
orbital shifts arising from eq. (28) and eq. (56) are displayed for an arbitrary
orientation of the primary’s spin axis. In this case, the inclination I does
not necessarily refer to the equatorial plane of the central body, which,
in general, does not coincide with the reference {x, y} plane. The following
formulas are valid also for a general orbital configuration of the test particle.
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∆p
(J2 GE)
mix = −
3piJ2µR
2
2c2p2
{
8Sˆz (3 cos 2u0+
+ e (2e cos 2ω + 3 cos (f0 + 2ω) + cos (3f0 + 2ω))) sin I
(
Sˆx cosΩ + Sˆy sinΩ
)
+
+ 4Sˆz sin 2I (3 sin 2u0 + e (2e sin 2ω + 3 sin (f0 + 2ω)+
+ sin (3f0 + 2ω)))
(
Sˆy cosΩ − Sˆx sinΩ
)
+
+ 4 cos I (3 cos 2u0 + e (2e cos 2ω + 3 cos (f0 + 2ω) + cos (3f0 + 2ω))) ·
·
(
2SˆxSˆy cos 2Ω +
(
2Sˆ2y + Sˆ
2
z − 1
)
sin 2Ω
)
+
+ cos 2I (3 sin 2u0 + e (2e sin 2ω + 3 sin (f0 + 2ω) + sin (3f0 + 2ω))) ·
·
(
−3Sˆ2z +
(
2Sˆ2y + Sˆ
2
z − 1
)
cos 2Ω − 2SˆxSˆy sin 2Ω + 1
)
+
+ (3 sin 2u0 + e (2e sin 2ω + 3 sin (f0 + 2ω) + sin (3f0 + 2ω))) ·
·
(
3Sˆ2z + 3
(
2Sˆ2y + Sˆ
2
z − 1
)
cos 2Ω − 6SˆxSˆy sin 2Ω − 1
)}
, (A.1)
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∆e
(J2 GE)
mix =
3piJ2µR
2
64c2p3
{
−16Sˆz (4 (3 cos (f0 + 2ω) + 7 cos (3f0 + 2ω))+
+ e (20 cos 2ω + 60 cos 2u0 + 18 cos (4f0 + 2ω) + e (19e cos 2ω+
+ 33 cos (f0 + 2ω) + 17 cos (3f0 + 2ω) + 3 cos (5f0 + 2ω) + 3 cos (f0 − 2ω)))) sin I
(
Sˆx cosΩ + Sˆy sinΩ
)
−
− 8Sˆz sin 2I (4 (3 sin (f0 + 2ω) + 7 sin (3f0 + 2ω)) +
+ e (20 sin 2ω + 60 sin 2u0 + 18 sin (4f0 + 2ω) + e (19e sin 2ω + 33 sin (f0 + 2ω)+
+ 17 sin (3f0 + 2ω) + 3 sin (5f0 + 2ω)− 3 sin (f0 − 2ω))))
(
Sˆy cosΩ − Sˆx sinΩ
)
− 8 cos I (4 (3 cos (f0 + 2ω)+
+ 7 cos (3f0 + 2ω)) + e (20 cos 2ω + 60 cos 2u0 + 18 cos (4f0 + 2ω)+
+ e (19e cos 2ω + 33 cos (f0 + 2ω) + 17 cos (3f0 + 2ω) + 3 cos (5f0 + 2ω) + 3 cos (f0 − 2ω))))
(
2SˆxSˆy cos 2Ω+
+
(
2Sˆ2y + Sˆ
2
z − 1
)
sin 2Ω
)
− 2 cos 2I (4 (3 sin (f0 + 2ω) + 7 sin (3f0 + 2ω)) + e (20 sin 2ω+
+ 60 sin 2u0 + 18 sin (4f0 + 2ω) + e (19e sin 2ω + 33 sin (f0 + 2ω) + 17 sin (3f0 + 2ω) + 3 sin (5f0 + 2ω)−
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− 3 sin (f0 − 2ω))))
(
−3Sˆ2z +
(
2Sˆ2y + Sˆ
2
z − 1
)
cos 2Ω − 2SˆxSˆy sin 2Ω + 1
)
−
− 2 (4 (3 sin (f0 + 2ω) + 7 sin (3f0 + 2ω))+
+ e (20 sin 2ω + 60 sin 2u0 + 18 sin (4f0 + 2ω)+
+ e (19e sin 2ω + 33 sin (f0 + 2ω) + 17 sin (3f0 + 2ω) + 3 sin (5f0 + 2ω)− 3 sin (f0 − 2ω)))) ·
·
(
3Sˆ2z + 3
(
2Sˆ2y + Sˆ
2
z − 1
)
cos 2Ω − 6SˆxSˆy sin 2Ω − 1
)}
, (A.2)
∆I
(J2 GE)
mix = −
3piJ2µR
2
c2p3
{(
Sˆz cos I + sin I
(
Sˆx sinΩ − Sˆy cosΩ
))
·
·
(
Sˆz sin I (3 sin 2u0 + e (2e sin 2ω + 3 sin (f0 + 2ω) + sin (3f0 + 2ω)))+
+ cos I
(
Sˆy cosΩ − Sˆx sinΩ
)
(3 sin 2u0+
+ e (2e sin 2ω + 3 sin (f0 + 2ω) + sin (3f0 + 2ω))) +
(
5e2 + (−16 cosf0+
+ 2e cos 2ω + 3 cos (f0 + 2ω) + cos (3f0 + 2ω)) e+ 3 cos 2u0)
(
Sˆx cosΩ + Sˆy sinΩ
))}
, (A.3)
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∆Ω
(J2 GE)
mix =
3piJ2µR
2
c2p3
{
csc I
(
Sˆz cos I + sin I
(
Sˆx sinΩ − Sˆy cosΩ
))
·
·
(
Sˆz
(−5e2 + (16 cos f0 + 2e cos 2ω + 3 cos (f0 + 2ω) + cos (3f0 + 2ω)) e+
+ 3 cos 2u0) sin I − (3 sin 2u0+
+ e (2e sin 2ω + 3 sin (f0 + 2ω) + sin (3f0 + 2ω)))
(
Sˆx cosΩ + Sˆy sinΩ
)
+
+ cos I
(−5e2 + (16 cos f0 + 2e cos 2ω + 3 cos (f0 + 2ω)+
+ cos (3f0 + 2ω)) e+ 3 cos 2u0)
(
Sˆy cosΩ − Sˆx sinΩ
))}
, (A.4)
∆ω
(J2 GE)
mix =
3piJ2µR
2
64c2ep3
{−182 cos2Ie3 − 4 cos 2ωe3+
+ 34 cos (2I + 2ω) e3 + 34 cos (2I − 2ω) e3 + 182 cos2I cos 2Ωe3−
− 140 cos 2ω cos 2Ωe3 − 34 cos (2I + 2ω) cos 2Ωe3−
− 34 cos (2I − 2ω) cos 2Ωe3 − 22 cos 2Ωe3 + 384 cos f0e2+
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+ 320 cos (f0 + 2I) e
2 + 320 cos (f0 − 2I) e2 − 144Sˆ2z cos3 f0 (cos 2f0 + 3) cos 2I cos 2ωe2−
− 42 cos (f0 + 2ω) e2 − 22 cos (3f0 + 2ω) e2 − 6 cos (5f0 + 2ω) e2+
+ 69 cos (f0 − 2I + 2ω) e2 + 27 cos (3f0 − 2I + 2ω) e2 + 3 cos (5f0 − 2I + 2ω) e2+
+ 6 cos (f0 − 2ω) e2 − 3 cos (f0 + 2I − 2ω) e2 + 69 cos (f0 + 2I + 2ω) e2+
+ 27 cos (3f0 + 2I + 2ω) e
2 + 3 cos (5f0 + 2I + 2ω) e
2 − 3 cos (f0 − 2I + 2ω) e2+
+ 128 cos f0 cos 2Ωe
2 − 320 cos (f0 + 2I) cos 2Ωe2 − 320 cos (f0 − 2I) cos 2Ωe2−
− 318 cos (f0 + 2ω) cos 2Ωe2 − 130 cos (3f0 + 2ω) cos 2Ωe2−
− 18 cos (5f0 + 2ω) cos 2Ωe2 − 69 cos (f0 − 2I + 2ω) cos 2Ωe2 − 27 cos (3f0 − 2I + 2ω) cos 2Ωe2−
− 3 cos (5f0 − 2I + 2ω) cos 2Ωe2 + 18 cos (f0 − 2ω) cos 2Ωe2+
+ 3 cos (f0 + 2I − 2ω) cos 2Ωe2 − 69 cos (f0 + 2I + 2ω) cos 2Ωe2−
− 27 cos (3f0 + 2I + 2ω) cos 2Ωe2−
− 3 cos (5f0 + 2I + 2ω) cos 2Ωe2 + 3 cos (f0 − 2I + 2ω) cos 2Ωe2−
42
− 264e cos2I + 40 cos 2ωe− 72 cos2u0e+
+ 84 cos (2 (f0 − I + ω)) e− 20 cos (2I + 2ω) e+
+ 84 cos (2 (f0 + I + ω)) e+ 18 cos (2 (2f0 + I + ω)) e−
− 36 cos (4f0 + 2ω) e+ 18 cos (4f0 − 2I + 2ω) e−
− 20 cos (2I − 2ω) e+ 264 cos2I cos 2Ωe+ 120 cos 2ω cos 2Ωe−
− 408 cos 2u0 cos 2Ωe− 84 cos (2 (f0 − I + ω)) cos 2Ωe+ 20 cos (2I + 2ω) cos 2Ωe−
− 84 cos (2 (f0 + I + ω)) cos 2Ωe− 18 cos (2 (2f0 + I + ω)) cos 2Ωe−
− 108 cos (4f0 + 2ω) cos 2Ωe− 18 cos (4f0 − 2I + 2ω) cos 2Ωe+ 20 cos (2I − 2ω) cos 2Ωe−
− 264 cos 2Ωe+ 72 cos (f0 + 2ω) cos 2Ω − 168 cos (3f0 + 2ω) cos 2Ω+
+ 4Sˆ2y
(
160 cos (f0 − 2I) e2 + 11
(
e2 + 12
)
e+ (−60 cos 2ω + 204 cos2u0+
+ 54 cos (4f0 + 2ω) + e (160 cos (f0 + 2I) + 70e cos 2ω + 159 cos (f0 + 2ω)+
+ 65 cos (3f0 + 2ω) + 9 cos (5f0 + 2ω)− 9 cos (f0 − 2ω))) e−
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− 36 cos (f0 + 2ω) + 84 cos (3f0 + 2ω)+
+ cos 2I
(−91e3 + ((34e2 − 20) cos 2ω + 84 cos 2u0 + 18 cos (4f0 + 2ω)+
+ 3e (23 cos (f0 + 2ω) + 9 cos (3f0 + 2ω) + cos (5f0 + 2ω))−
− 3e cos (f0 − 2ω)) e− 132e− 12 cos (f0 + 2ω)+
+ 28 cos (3f0 + 2ω))) cos 2Ω + 2Sˆ
2
z
(
160 cos (f0 − 2I) e2 + 11
(
e2 + 12
)
e+ (−60 cos 2ω+
+ 204 cos 2u0 + 54 cos (4f0 + 2ω) + e (160 cos (f0 + 2I) + 70e cos2ω+
+ 159 cos (f0 + 2ω) + 65 cos (3f0 + 2ω) + 9 cos (5f0 + 2ω)−
− 9 cos (f0 − 2ω)) + cos 2I
(−91e2 + 3 (23 cos (f0 + 2ω) + 9 cos (3f0 + 2ω)+
+ cos (5f0 + 2ω)) e− 3 cos (f0 − 2ω) e +
(
34e2 − 20) cos 2ω+
+ 84 cos 2u0 + 18 cos (4f0 + 2ω)− 132)) e− 12 (cos 2I + 3) cos (f0 + 2ω)+
+ 28 (cos 2I + 3) cos (3f0 + 2ω)) cos 2Ω + 12 cos (f0 − 2I + 2ω) cos 2Ω−
44
− 28 cos (3f0 − 2I + 2ω) cos 2Ω + 12 cos (f0 + 2I + 2ω) cos 2Ω − 28 cos (3f0 + 2I + 2ω) cos 2Ω+
+ 2
(
8 (3 cos (f0 + 2ω)− 7 cos (3f0 + 2ω)) sin2 I+
+ e
(
57e2 + 44
)(
3Sˆ2z − 1
))
+ 6Sˆ2z
(
cos 2ω
(−24 cos f0 sin2 I + 36e cos2f0 + (11e2 + 28) cos 3f0+
+ e
(
2e2 + 3 cos 5f0e+ 18 cos 4f0 − 20
))− 2 sin f0 (19e2+
+ 6 (6 cos 3f0 + e cos 4f0) sin
2 Ie+ 54 cos f0e+
+ 14
(
e2 + 2
)
cos 2f0 + 8
)
sin 2ω + cos 2I
(
e
(
91e2 − 320 cosf0e+ 132
)−
− 2 (42e cos2f0 + 14 cos 3f0 + e (17e2 + 9 cos 4f0 − 10)) cos 2ω+
+ 2
(
51e2 + 102 cos f0e +
(
30e2 + 28
)
cos 2f0 + 8
)
sin f0 sin 2ω
))−
− 16SˆxSˆy cos I cos 2Ω
(
4 (7 sin (3f0 + 2ω)− 3 sin (f0 + 2ω)) + e
((
26e2 − 20) sin 2ω+
+ 72 sin 2u0 + 57e sin (f0 + 2ω) + 23e sin (3f0 + 2ω)+
+ 18 sin (4f0 + 2ω) + 3e sin (5f0 + 2ω) + 3e sin (f0 − 2ω)))+
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+ 8SˆxSˆz (8e cosΩ csc I (3 sin 2u0 + e (2e sin 2ω + 3 sin (f0 + 2ω) + sin (3f0 + 2ω)))−
− 2 cosΩ sin I (4 (7 sin (3f0 + 2ω)− 3 sin (f0 + 2ω)) +
+ e
((
26e2 − 20) sin 2ω + 72 sin2u0 + 57e sin (f0 + 2ω) + 23e sin (3f0 + 2ω)+
+ 18 sin (4f0 + 2ω) + 3e sin (5f0 + 2ω)+
+ 3e sin (f0 − 2ω))) +
((
51e3 − (2 (9e2 − 10) cos 2ω + 60 cos 2u0+
+ 45e cos (f0 + 2ω) + 19e cos (3f0 + 2ω)− 3e cos (f0 − 2ω)) e+
+ 132e+ 12 cos (f0 + 2ω)− 28 cos (3f0 + 2ω) + cos 2I
(−91e3 + 69 cos (f0 + 2ω) e2−
− 3 cos (f0 − 2ω) e2 + 2
(
17e2 − 10) cos 2ωe+ 84 cos 2u0e− 132e−
− 12 cos (f0 + 2ω) +
(
27e2 + 28
)
cos (3f0 + 2ω)
))
cot I−
− 3e (6 cos (4f0 + 2ω) + e cos (5f0 + 2ω)) sin 2I) sinΩ)+
+ 4SˆySˆz
(
cosΩ
(
cos 3I
(
91e3 − 80 cos f0e2 −
(
34e3 + 3 (28 cos 2f0+
+ 9e cos 3f0 + 6 cos 4f0 + e cos 5f0) e−
46
+ 20e+ 28 cos 3f0) cos 2ω) csc I − 4
(
51e2 + 3 (6 cos 3f0 + e cos 4f0) e+
+
(
30e2 + 28
)
cos 2f0 + 8
)
sin f0 sin 2I sin 2ω + cot I
(
16 (3 sin f0 + sin 3f0) sin 2ωe
2+
+
(
16e cos f0 − 11
(
e2 − 24 cos2I + 24)) e+ (36e cos2f0 + (11e2 + 28) cos 3f0+
+ e
(
2e2 + 3 cos 5f0e + 18 cos4f0 − 20
))
cos 2ω
))
+ 2 (8e csc I (3 sin 2u0+
+ e (2e sin 2ω + 3 sin (f0 + 2ω) + sin (3f0 + 2ω)))−
− 2 sin I (4 (7 sin (3f0 + 2ω)− 3 sin (f0 + 2ω)) + e (−20 sin2ω + 18 (4 sin 2u0+
+ sin (4f0 + 2ω)) + e (26e sin 2ω + 57 sin (f0 + 2ω)+
+ 23 sin (3f0 + 2ω) + 3 sin (5f0 + 2ω) + 3 sin (f0 − 2ω))))) sinΩ)+
+ 4
(
−160SˆxSˆy cos (f0 − 2I) e2 + 160SˆxSˆy sin f0 sin 2Ie2−
− SˆxSˆy cos 2I
(−91e3 + (−20 cos 2ω + 84 cos2u0 + 18 cos (4f0 + 2ω)+
+ e (160 cos f0 + 34e cos2ω + 69 cos (f0 + 2ω) + 27 cos (3f0 + 2ω) + 3 cos (5f0 + 2ω)−
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− 3 cos (f0 − 2ω))) e− 132e− 12 cos (f0 + 2ω) + 28 cos (3f0 + 2ω))−
− SˆxSˆy
(
11e
(
e2 + 12
)− 36 cos (f0 + 2ω) + 84 cos (3f0 + 2ω)+
+ e (−60 cos 2ω + 204 cos 2u0 + 54 cos (4f0 + 2ω) + e (70e cos 2ω+
+ 159 cos (f0 + 2ω) + 65 cos (3f0 + 2ω) + 9 cos (5f0 + 2ω)−
− 9 cos (f0 − 2ω))))− 2
(
2Sˆ2y + Sˆ
2
z − 1
)
cos I (4 (7 sin (3f0 + 2ω)−
− 3 sin (f0 + 2ω)) + e (−20 sin2ω + 72 sin 2u0+
+ 18 sin (4f0 + 2ω) + e (26e sin 2ω + 57 sin (f0 + 2ω)+
+ 23 sin (3f0 + 2ω) + 3 sin (5f0 + 2ω) + 3 sin (f0 − 2ω))))) sin 2Ω+
+ 4 cos f0
(
3Sˆz cos 2ω
(
9Sˆze
2 + 4Sˆy
(
7e2 +
(
2− 11e2) cos 2I − 2) cosΩ cot I)−
− 8e
(
8e cos 2Ω Sˆ2y + 3Sˆz cosΩ (cot I (8e+ (13− 17 cos 2I) sin f0 sin 2ω)− 20e sin 2I) Sˆy−
− 8eSˆx sin 2Ω Sˆy + 4eSˆ2z (cos 2Ω + 9) + 8eSˆxSˆz (cot I − 5 cos 3I csc I) sinΩ
))}
. (A.5)
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It can be noted that, in the special case Sˆx = Sˆy = 0, Sˆz = 1, eq.
(A.1)-eq. (A.5) reduce to eq. (70)-eq. (74).
B Direct orbital shifts of order J2c
−2 for a generic
orientation of the spin axis of the primary
Here, the general expressions for the post-Newtonian gravitoelctric direct
orbital shifts arising from eq. (75) are displayed for an arbitrary orientation
of the primary’s spin axis. In this case, the inclination I does not necessarily
refer to the equatorial plane of the central body, which, in general, does not
coincide with the reference {x, y} axis. The following formulas are valid also
for a general orbital configuration of the test particle.
∆p
(J2 GE)
dir =
3piJ2µR
2e2
4c2p2
{
8Sˆz cos 2ω sin I
(
Sˆx cosΩ + Sˆy sinΩ
)
+
+ 4cos I cos 2ω
[
2SˆxSˆy cos 2Ω +
(
Sˆ2y − Sˆ2x
)
sin 2Ω
]
+
+ sin 2ω
[(
6Sˆ2z − 2
)
sin2 I+
+
(
2Sˆ2y + Sˆ
2
z − 1
)
(3 + cos 2I) cos 2Ω+
+ 4Sˆz sin 2I
(
Sˆy cosΩ − Sˆx sinΩ
)
−
− 2SˆxSˆy (3 + cos 2I) sin 2Ω
]}
, (B.6)
∆e
(J2 GE)
dir =
21piJ2µR
2e
(
2 + e2
)
32c2p3
{
8Sˆz sin I cos 2ω
(
Sˆx cosΩ + Sˆy sinΩ
)
+
+ 4cos I cos 2ω
[
2SˆxSˆy cos 2Ω −
(
Sˆ2x − Sˆ2y
)
sin 2Ω
]
−
− sin 2ω
[(
Sˆ2x − Sˆ2y
)
(3 + cos 2I) cos 2Ω + 2
(
1− 3Sˆ2z
)
sin2 I−
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− 4Sˆz sin 2I
(
Sˆy cosΩ − Sˆx sinΩ
)
+
+ 2SˆxSˆy (3 + cos 2I) sin 2Ω
]}
, (B.7)
∆I
(J2 GE)
dir =
3piJ2µR
2
2c2p3
[
Sˆz cos I + sin I
(
Sˆx sinΩ − Sˆy cosΩ
)]
[
e2Sˆz sin I sin 2ω + e
2 cos I sin 2ω
(
Sˆy cosΩ − Sˆx sinΩ
)
+
+
(
6 + e2 cos 2ω
) (
Sˆx cosΩ + Sˆy sinΩ
)]
, (B.8)
∆Ω
(J2 GE)
dir = −
3piJ2µR
2 csc I
2c2p3
[
Sˆz cos I + sin I
(
Sˆx sinΩ − Sˆy cosΩ
)]
{(−6 + e2 cos 2ω) [Sˆz sin I + cos I (Sˆy cosΩ − Sˆx sinΩ)]−
− e2 sin 2ω
(
Sˆx cosΩ + Sˆy sinΩ
)}
, (B.9)
∆ω
(J2 GE)
dir =
3piJ2µR
2
32c2p3
{(
8− 3e2) (1− 3Sˆ2z)+
+ 12
(
3e2 − 8) Sˆz sin 2I (Sˆx sinΩ − Sˆy cosΩ)−
− 112Sˆz sin I sin 2ω(Sˆx cosΩ + Sˆy sinΩ)−
− 14 cos 2ω
[
1− 3Sˆ2z + 4Sˆz sin 2I(Sˆx sinΩ − Sˆy cosΩ)
]
+
+ 16 cot I[Sˆz cos I + sin I(Sˆx sinΩ − Sˆy cosΩ)]
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[
−e2 sin 2ω
(
Sˆx cosΩ + Sˆy sinΩ
)
+ Sˆz
(
e2 cos 2ω − 6) sin I+
+ cos I
(
e2 cos 2ω − 6) (Sˆy cosΩ − Sˆx sinΩ)]−
− 3 (3e2 + 14 cos 2ω − 8) [(Sˆ2x − Sˆ2y) cos 2Ω + 2SˆxSˆy sin 2Ω]+
+ cos 2I
(
9e2 − 14 cos 2ω − 24) [2SˆxSˆy sin 2Ω − 1 + 3Sˆ2z+
+
(
Sˆ2x − Sˆ2y
)
cos 2Ω
]
+ 56 cos I sin 2ω
[(
Sˆ2x − Sˆ2y
)
sin 2Ω−
− 2SˆxSˆy cos 2Ω
]}
. (B.10)
It can be noted that, in the special case Sˆx = Sˆy = 0, Sˆz = 1, eq. (B.6)-eq.
(B.10) reduce to eq. (76)-eq. (80).
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